Top Quark Mediated Higgs Decay into Hadrons to Order alpha(s)**5 by Baikov, P. A. & Chetyrkin, K. G.
ar
X
iv
:h
ep
-p
h/
06
04
19
4v
2 
 2
8 
Se
p 
20
06
SFB/CPP-06-19
TTP06-14
hep-ph/0604194
Top Quark Mediated Higgs Decay into Hadrons to Order α5
s
P. A. Baikov
Skobeltsyn Institute of Nuclear Physics, Moscow State University, Moscow 119992, Russia
K. G. Chetyrkin∗
Institut fu¨r Theoretische Teilchenphysik, Universita¨t Karlsruhe, D-76128 Karlsruhe, Germany
We present in analytic form the O(α5s) correction to the H → gg partial width of the standard-
model Higgs boson with intermediate mass MH < 2Mt. Its knowledge is useful because the O(α
4
s)
correction is sizeable (around 20%). For MH = 120 GeV, the resulting QCD correction factor reads
1 + (215/12)α
(5)
s (MH)/pi + 152.5
(
α
(5)
s (MH)/pi
)2
+ 381.5
(
α
(5)
s (MH)/pi
)3
≈ 1 + 0.65 + 0.20 + 0.02.
The new four-loop correction increases the total Higgs-boson hadronic width by a small amount of
order 10/00 and stabilizes significantly the residual scale dependence.
PACS numbers: 14.80.Bn 12.38.-t 12.38.Bx
INTRODUCTION
Within the Standard Model (SM) the scalar Higgs bo-
son is responsible for mechanism of the electroweak mass
generation. It is the last fundamental particle in the
SM which has not yet been directly observed. Its fu-
ture (non-)discovery will be of primary importance for
all the particle physics. The SM Higgs boson mass is
constrained from below, MH > 114GeV, by experiments
at LEP and SLC [1, 2]. Indirect constraints from preci-
sion electroweak measurements [3] set an upper limit of
200 GeV on MH .
Adopting the framework of the SM, the coupling of
the Higgs boson to gluons is mediated by virtual massive
quarks [4] and it is this coupling which plays a crucial
roˆle in Higgs phenomenology. Indeed, with the Yukawa
couplings of the Higgs boson to quarks being proportional
to the respective quark masses, the ggH coupling of the
SM is essentially generated by the top quark alone. The
ggH coupling strength becomes independent of the top-
quark mass Mt in the limit MH ≪ 2Mt.
The process of the gluon-fusion, gg → H , provides a
very important Higgs production mechanism over the all
MH range under consideration. The corresponding cross-
section is significantly increased, by approximately 70%,
by next-to-leading order (NLO) QCD corrections, avail-
able since long [5, 6, 7, 8]. The largeness of the correc-
tion along with the large residual scheme dependence of
the result have motivated the calculations of the NNLO
terms [9, 10, 11]. Very recently even the leading N3LO
corrections to the inclusive cross-section have been com-
puted [12]. As a result of these remarkable theoretical ad-
vances the theoretical uncertainty of the production cross
section is reduced significantly and is estimated around
20%.
The QCD corrections to the closely-related process—
the production cross-section of the Higgs decay into two
gluons—are presently known to NNLO [13, 14] only. Re-
cently it was pointed out in work [15] that the ratio of
the production cross-section to the decay rate is signif-
icantly less (by a factor of 2) sensitive to higher order
QCD corrections than the individual observables, since
the corresponding K-factors are similar in size and tend
to cancel to a significant extent. The work also argues
that it is this ratio which presents the theoretical input
to analyses of Higgs couplings extractions at the LHC.
Thus, the knowledge of the N3LO QCD corrections to
the Higgs decay rate into gluons is highly desirable.
In this publication we present in analytic form the four-
loop O(α5s) correction to the H → gg partial width of the
standard-model Higgs boson with mass MH < 2Mt.
CALCULATION AND RESULTS
We start by constructing an effective Lagrangian, Leff ,
by integrating out the top quark [13, 16]. This La-
grangian is a linear combination of certain dimension-
four operators acting in QCD with five quark flavours,
while all Mt dependence is contained in the coefficient
functions. We then renormalize this Lagrangian and
compute with its help the H → gg decay width through
O(α5s).
The effective Lagrangian can be written in the form
Leff = −21/4G1/2F HC1 [O′1] . (1)
Here, [O′1] is the renormalized counterpart of the bare
operator O′1 = G
0′
aµνG
0′µν
a , where Gaµν is the colour
2field strength. The superscript 0 denotes bare fields, and
primed objects refer to the five-flavour effective theory,
C1 is the corresponding renormalized coefficient function,
which carries all Mt dependence.
Eq. (1) directly leads to a general expression for the
H → gg decay width,
Γ(H → gg) =
√
2GF
MH
C21 ImΠ
GG(q2 =M2H), (2)
where
ΠGG(q2) =
∫
eiqx〈0|T ([O′1] (x) [O′1] (0)) |0〉dx (3)
is the vacuum polarization induced by the gluon operator
at q2 =M2H , with q being the external four-momentum.
It is customary to write eq. (2) in the form
Γ(H → gg) = K ΓBorn(H → gg), (4)
where (GF is Fermi’s constant)
ΓBorn(H → gg) = GFM
3
H
36π
√
2
(
α
(nl)
s (MH)
π
)2
, (5)
and so-called K-factor reads:
K =
72 π3
M4H
C21 Im Π
GG(q2 =M2H)(
α
(nl)
s (MH)
)2 = 1 + . . . (6)
The coefficient function C1 is known in N
3LO [17, 18,
19] and reads
COS1 =−
1
12
α
(nf )
s (µ)
π
{
1 +
α
(nf )
s (µ)
π
(
11
4
− 1
6
ℓµt
)
+
(
α
(nf )
s (µ)
π
)2 [
2693
288
− 25
48
ℓµt +
1
36
ℓ2µt + nl
(
−67
96
+
1
3
ℓµt
)]
+
(
α
(nf )
s (µ)
π
)3 [
− 4271255
62208
− 2
3
ζ(2)
(
1 +
ln 2
3
)
+
1306661
13824
ζ(3)− 4937
864
ℓµt +
385
144
ℓ2µt −
1
216
ℓ3µt
+ nl
(
181127
62208
+
1
9
ζ(2)− 110779
13824
ζ(3) +
109
48
ℓµt +
53
96
ℓ2µt
)
+ n2l
(
− 6865
31104
+
77
1728
ℓµt − 1
18
ℓ2µt
)]}
≈− 1
12
α
(nf )
s (Mt)
π
[
1 + 2.75000
α
(nf)
s (Mt)
π
+ 5.86111
(
α
(nf )
s (Mt)
π
)2
+ 5.39967
(
α
(nf )
s (Mt)
π
)3 ]
. (7)
Here ℓµt = ln
µ2
M2t
, withMt being the on-shell top quark
mass; we have displayed for generality the result with
the effective number of light quark flavors denoted as nl.
In the numerical evaluation we have set µ = Mt and
nl = nf − 1 = 5. ζn ≡ ζ(n) is the Riemann’s Zeta-
function.
Thus we are left with the calculation of the last factor
in Eq. (2), namely the absorptive part ΠGG in N3LO, that
is to α3s. In fact it turned out to be more convenient to
calculate the correlator (3) per se and take its absorptive
part subsequently. Since ΠGG starts in the leading order
from a one-loop diagram, the O(α3s) calculation faces as
many as 10240 four loop diagrams (at NNLO [13] the
number was 403).
The overall strategy of our calculations was identical to
that used by us before in works [20, 21]. First we generate
the contributing diagrams with the package QGRAF [22].
Second, using the criterion of irreducibility of Feynman
integrals [23, 24], the set of irreducible integrals involved
in the problem was constructed. Third, the coefficients
multiplying these integrals were calculated as series in
the 1/D → 0 expansion with the help of an auxiliary
integral representation [25]. Fourth, the exact answer,
i.e. a rational function of D, was reconstructed from
this expansion. The major part of the calculations was
performed on the SGI Altix 3700 computer (32 Itanium-2
1.3 GHz processors) using the parallel version of FORM
[26, 27, 28] and took about two weeks of calendar time
in total.
After renormalization, our result reads
ImΠGG(q2) = q4
2
π
{
1 +
∞∑
i=1
gi (a
′
s)
i
}
, (8)
3g1 = nl
[
−7
6
]
+
73
4
, (9)
g2 = n
2
l
[
127
108
− 1
36
π2
]
+nl
[
−7189
144
+
11
12
π2 +
5
4
ζ3
]
+
37631
96
− 121
16
π2 − 495
8
ζ3, (10)
g3 = n
3
l
[
−7127
5832
+
7
108
π2 +
1
27
ζ3
]
+ n2l
[
115207
1296
− 1609
432
π2 − 113
24
ζ3
]
(11)
+ nl
[
−368203
216
+
18761
288
π2 +
11677
48
ζ3 − 95
36
ζ5
]
+
[
15420961
1728
− 352 π2 − 44539
16
ζ3 +
3465
8
ζ5
]
,
where a′s stands for α
(nl)
s /π.
In eqs. (9-11) we have set µ2 = q2, the full µ depen-
dence can be easily recovered with the standard RG tech-
niques from the fact the product
(
β(nl)(a′s)
)2
ΠGG(a′s, µ/q
2)
is scale independent ([16]). In numerical form ImΠGG
reads (we set nl = 5)
2 q4
π
ImΠGG = (12)
1 + 12.4167 as + 68.6482 a
2
s − 212.447 a3s.
In order to better understand the structure of the α3s
term in (12) it is instructive to separate the genuine four-
loop contributions from the function ΠGG(q2) from essen-
tially “kinematical”, so-called π2-terms originating from
the analytic continuation. For a given order in αs these
extra contributions are completely predictable from the
standard evolution equations applied to the “more lead-
ing” terms in ΠGG(q2) proportional to some smaller pow-
ers of αs. The corresponding expression for ImΠ
GG as-
sumes the form
2 q4
π
ImΠGG = 1 + 12.4167 as (13)
+ (104.905− 36.257) a2s + (886.037− 1098.48) a3s,
where we have underlined the contributions coming from
analytic continuation. Thus, the present calculation con-
firms the pattern first observed on the example of the
scalar correlator in work [21]: the “kinematical” π2 terms
tend to neatly cancel the genuine higher order contribu-
tions.
We are now in a position to find the O(α3s) term of
the K factor in Eq. (6). To this end, we first multiply
C21 by R
G(q2 =M2H), then eliminate α
(6)
s (µ) in favour of
α
(nl)
s (µ) [17, 29, 30] and, finally, choose the µ =MH (to
get a compact expression). The result reads:
K = 1 + 17.9167 a′s + (156.81− 5.7083 ln
M2t
M2H
)(a′s)
2 + (467.68− 122.44 ln M
2
t
M2H
+ 10.94 ln2
M2t
M2H
) (a′s)
3. (14)
If we also use Mt = 175 GeV, MH = 120 GeV and
α
(5)
s (MH)/π = 0.0363 we arrive at
K = 1 + 17.9167 a′s+ 152.5(a
′
s)
2 + 381.5(a′s)
3
= 1 + 0.65038+ 0.20095 + 0.01825. (15)
Thus, we observe that, unlike the NLO and NNLO cases,
the O(α3s) correction, being by a factor more than ten less
than the previous α2s one, has quite a moderate size. The
welcome stability of the perturbation theory is also con-
firmed by testing the scale dependence of the K-factor.
By changing the scale µ fromMH/2 to 2MH we find that
the maximal deviation of the K-factor from its value at
µ = MH decreases from 24% (LO) to 22% (NLO), 10%
(NNLO) and, finally, to only 3% at NNNLO!
CONCLUSION
We have computed the N3LO correction of order α5s to
the H → gg partial width of the standard-model Higgs
boson with intermediate mass MH < 2Mt. Our calcu-
lation significantly reduces the theoretical uncertainty of
the QCD prediction for this important process.
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